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Abstract
This work deals with modelling and qualitative analysis of a class of deterministic dynamical systems in traffic flow consisting
in the mass conservation equation closed by a phenomenological model describing the trend of drivers to equilibrium. The analysis
is developed with the aim of analyzing their hyperbolic structure.
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1. Introduction
This work deals with the modelling of traffic flow phenomena by macroscopic hydrodynamic equations. The
physics of traffic flow is well documented in the book [1] which reports about several experiments followed by a sharp
phenomenological interpretation, and is a constant reference for the analysis proposed in this work, while reference
to the existing literature is reported in [2–5].
Specifically this work deals with the analysis of first-order one-lane models obtained by mass conservation linked
to a phenomenological model suitable for describing the dynamical trend of drivers to equilibrium conditions [6].
The mathematical structure of the model is defined by two partial differential equations, the first one related to mass
conservation and the second one modelling the above mentioned driver behavior. This last equation is nonlinear as the
trend is assumed to concern fictitious mean and equilibrium velocities depending on the spatial gradients.
It is convenient to introduce dimensionless variables normalized in order to take values in the interval [0, 1]. Some
reference quantities need to be defined: nM is the maximum density of vehicles corresponding to bumper to bumper
vehicle distance; vM is the maximum mean velocity which may be reached by vehicles in free flow; T = l/vM is
the time necessary to cover the whole road of length l at the maximum mean velocity. Using the above quantities the
following independent variables are identified:
t = tr/T is the dimensionless time variable referred to T (tr is the real time);
x = xr/ l is the dimensionless space variable referred to the length of the road l (xr is the real one-dimensional
space).
E-mail address: ida.bonzani@polito.it.
0893-9659/$ - see front matter c© 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2006.06.022
934 I. Bonzani / Applied Mathematics Letters 20 (2007) 933–937
Fig. 1. Experimental flow measurements.
Similarly, the following dimensionless dependent variables are introduced:
u = n/nM is the dimensionless density referred to the maximum density nM of vehicles;
v = vr/vM is the dimensionless velocity referred to the maximum mean velocity vM (vr is the real velocity);
q = u v is the dimensionless mean flux referred to the maximum admissible one, qM = nMvM .
First-order macroscopic models can be described in terms of the above dimensionless variables. These models are
constituted by two equations:{
∂u
∂t
+ ∂
∂x
(uv) = 0,
F(u, v) = 0,
(1)
where the first equation refers to the mass conservation, the second one introduces a functional relation between
velocity and density to be defined by means of suitable phenomenological models. The analogous macroscopic model
can be written also by using the flux q as a dependent variable.
An interpretation of empirical data is useful for modelling the above closure. This topic is dealt with in Section 2,
while a detailed modelling and related hyperbolicity analysis is proposed in Section 3.
2. Analytic interpretation of experimental data
In this section an analytic interpretation of experimental data is suggested according to the context of the Kerner’s
traffic theory. Traffic flow consists of free flow and congested traffic, where congested traffic is characterized by
two different empirical space-temporal features, the “synchronized flow” and the “wide moving jam”. The measured
empirical data corresponding to free flow and congested traffic can be reported in the flow–density plane, without
distinguishing between the two congested phases (synchronized flow and wide moving jam), since no time coordinate
is present there.
In more detail, if the traffic demand is low enough (free flow phase), the measured data corresponds in the
flow–density plane to empirical points which are well described by a curve with a positive slope. An empirical limit
(maximum) point of free flow is identified by means of the measured data, corresponding to the minimum average
speed for free flow. If a suitable line is considered in the flow–density plane, whose slope is given by the above
minimum vehicle speed, empirical points related to free flow lie to the left of such a line, while empirical points of
congested traffic lie to the right. In fact in congested traffic the average vehicle speed is lower than the minimum
speed in free flow. A qualitative representation of empirical data in the flow–density plane is reported in Fig. 1, where
P(uc, qmax) is the empirical limit point. The fundamental diagram of traffic flow (i.e. the function describing the flux
q versus the density u) in congested traffic consists in a curve with negative slope, which should describe the empirical
points. So the total empirical diagram can be given by a sort of reverse λ. However, in contrast to points related to free
flow, the points for congested traffic show a large spread rather than conforming to a curve.
An explicit mathematical interpretation of the experimental data is suggested in what follows. Consider first the
velocity ve which corresponds to uniform steady flow at the density u. According to Kerner [1], there exists a critical
density uc which allows one to separate free flow from congested traffic in the fundamental diagram. Taking into
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account that in free flow, empirical data shows a little spread, it is assumed that u ≤ uc ⇒ ve = 1, which means
considering the empirical points related to free flow as lying on the line. Then, for u > uc, the mean velocity shows a
localized sharp decay and subsequently tends to zero as u tends to one.
The following decay expression is assumed according to [6]:
u ≥ uc ⇒ ve = exp
(
−α u
1− u
)
, (2)
where α is a constant related to the quality for the road: increasing values of α (with α ≥ 1) correspond to decreasing
the viability quality of the road. Indeed, the quality of the road also depends on the weather conditions; in other words
a road which is characterized by a certain α corresponding to good weather conditions needs increasing values of α
when visibility and weather conditions get worse.
By introducing a step function S(x) such that S(x) = 0 if x ≤ 0 and S(x) = 1 when x > 0 the steady velocity ve
is modelled as follows:
ve(u;α, uc) = S(uc − u)+ S(u − uc) exp
(
−α u
1− u
)
. (3)
It is worth stressing that the velocity jump ∆v is related to u through α by the relation
∆v = 1− exp
(
−α uc
1− uc
)
. (4)
So it cannot be regarded as an additional parameter if uc and α are given. The above relation shows that uc = 0 ⇒
∆v = 0 and uc ↑ 1⇒ ∆v ↑ 1.
Moreover the above relation (4) allows one to identify α by means of uc and ∆v, which are possibly easier
quantities to measure. Specifically the following relation can be analytically deduced by (4):
α = 1− uc
uc
ln
(
1
1−∆v
)
, (5)
which is mathematically undefined for uc = 0 and physically consistent only if α ≥ 1.
The analogous reasoning for the equilibrium flow qe leads to
qe(u;α, uc) = S(uc − u) u + S(u − uc) u exp
(
−α u
1− u
)
, (6)
which implies that one has for u = uc a flux jump defined as follows:
∆q = u
[
1− exp
(
−α uc
1− uc
)]
. (7)
3. Dynamical systems modelling traffic flow
This section deals with the analysis of a class of first-order models consisting in the mass conservation equation
closed by means of a suitable phenomenological relation derived by local flow properties. These models can be
regarded as specific examples of the abstract model introduced in Eq. (1).
It is known [1,6] that experimental results are usually related to steady uniform flow conditions leading to an
analytic flux–density relation qe = qe(u) or a velocity–density relation ve = ve(u). On the other hand, in nonuniform
or unsteady conditions it can be stated that the time evolution of the system goes to equilibrium, since in general
drivers attempt to adapt their velocity to the equilibrium one ve. Therefore, the closure of the mass conservation
equation in Eq. (1) can be obtained by modelling in a suitable way the above trend to equilibrium. In addition, since
perturbations in traffic flow have a finite speed depending on time and local conditions [1,5] a hyperbolic structure is
also required for the resulting dynamical system.
It can be stated that in nonuniform and unsteady conditions the driver is influenced by spatial gradients of density
and velocity when attempting to evaluate both equilibrium velocity ve and local mean velocity v. In more detail it
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can be suggested that in steady nonuniform conditions the driver feels an equilibrium velocity lower than ve when
the density is growing. Therefore an apparent equilibrium velocity v∗e depending both on density and on its spatial
gradient is defined in the following way:
v∗e [u] = ve(u)
[
1− ε ∂u
∂x
]
, (8)
where ε is a positive parameter small with respect to one.
In a similar way, it can be suggested that each driver perceives a local mean velocity higher than the real one when
accelerating. An apparent mean velocity v∗ can be introduced depending both on local velocity v and on its spatial
gradient:
v∗[v] = v
[
1+ η ∂v
∂x
]
, (9)
where the parameter η is small with respect to the unity too.
Taking into account all the phenomenological relations above introduced, the closure of the mass conservation
equation can be modelled in the following way:
∂v
∂t
= c0
(
v∗e [u] − v∗[v]
)
, (10)
where the coefficient c0 is now assumed to be a constant parameter, small with respect to the unity. More generally it
could be assumed to depend on the density.
The resulting dynamical system in the dependent variables u and v is
∂u
∂t
+ v ∂u
∂x
+ u ∂v
∂x
= 0,
∂v
∂t
+ c0 ε ve(u)∂u
∂x
+ c0 η v ∂v
∂x
= c0 (ve(u)− v).
(11)
A hyperbolic structure for the above nonlinear system requires two real and distinct eigenvalues. Considering the
matrix
A(u, v) =
(
v u
c0 ε ve c0 η v
)
, (12)
the following eigenvalues are obtained:
λ12 = v2 (1+ c0 η)±
[
v2
4
(1− c0 η)2 + c0 ε u ve(u)
] 1
2
, (13)
which are real and distinct ∀(u, v). If ε → 0 then λ1 → c0 η v and λ2 → v. On the other hand, when ε is not
negligible, we have 0 < λ1 < c0 η v and λ2 greater than v; however λ2 − v is a small quantity. A characteristic speed
greater than v means that there is information travelling faster than the mean velocity of cars. This result should not
be regarded as an inconsistency of the model. In fact, each driver does not act as a particle, but adapts the speed to all
perceivable stimuli, including front and rear ones.
However, considering that measurements of the flux are more accurate than those of the velocity, mathematical
problems involving the flux as dependent variable are more useful. Then, the phenomenological relation (10) can be
rewritten by using the flux instead of the velocity as the dependent variable:
∂q
∂t
+ q
u
∂q
∂x
= c0
(
q∗e [u] − q∗[u, q]
)
, (14)
where q∗e [u] = u v∗e [u] and q∗[u, q] = u v∗[q/u]. The resulting dynamical system in the dependent variables u and q
is
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∂u
∂t
+ ∂q
∂x
= 0,
∂q
∂t
+ c0
(
ε qe − η q
2
u2
)
∂u
∂x
+ q
u
(1+ η c0) ∂q
∂x
= c0 (qe(u)− q),
(15)
with the same hyperbolic structure as system (11). The above models can be assessed if suitable identifications of the
velocity ve (or of the flux qe) as well as of parameters c0, ε and η are given. The hyperbolicity analysis is analogous.
These models, while they provide a description of the oscillations of the velocity around equilibrium, do not yet
provide a detailed modelling of the fluctuations related to the stochastic behavior of traffic flow generated by the
individual behaviors of the drivers [1]. Fig. 1 shows that fluctuations appear in congested flow.
Paper [5] suggests dealing with this aspect by considering v as a random variable rather than a deterministic one.
The main problem consists in deriving a stochastic equation to replace to second equation in Eq. (11) or Eq. (15).
Methods of the mathematical kinetic theory for active particles [7,8] will be used.
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